Abstract: Motivated by the concept of clean index of rings [3], we introduce the concept of weak clean index of rings. For any element a of a ring R with unity, we define χ(a) = {e ∈ R | e 2 = e and a − e or a + e is a unit}. The weak clean index of R is defined as sup{|χ(a)| : a ∈ R} and it is denoted by Win(R), where |χ(a)| denotes the cardinality of the set χ(a). In this article, we characterize rings of weak clean indices 1, 2 and 3.
INTRODUCTION
In this article we assume ring R to be associative with unity unless otherwise stated, we also assume modules (and bimodules) to be unitary. The Jacobson radical, group of units, set of idempotents and set of nilpotent elements of a ring R are denoted by J(R), U(R), idem(R) and nil(R) respectively. Notion of clean ring was first introduced by Nicholson [6] , which was later generalized by Ahn and Andreson [5] as weakly clean ring defined as a ring R in which each element r ∈ R can be written as r = u + e or r = u − e for some u ∈ U(R) and e ∈ idem(R). Further, Lee and Zhou [3, 4] introduced and studied clean index of rings, which actually motivated us to introduce and study weak clean index of rings. Definition 1.1. For any element a of R, we define χ(a) = {e ∈ idem(R) | a − e ∈ U(R) or a+e ∈ U(R)}. The weak clean index of R is defined as sup{|χ(a)| : a ∈ R} and it is denoted by Win(R), where |χ(a)| denotes the cardinality of the set χ(a).
BASIC PROPERTIES
Some basic properties related to weak clean index are presented here as a preparation for the article.
Lemma 2.1. Let R be a ring and e, a, b ∈ R. Then following hold:
(i) For a central nilpotent n ∈ R, |χ(n)| = 1. Whereas for a central idempotent e ∈ R, |χ(e)| ≥ 1, thus for any ring Win(R) ≥ 1.
(ii) If a − b ∈ J(R) then |χ(a)| = |χ(b)|.
(iii) e ∈ χ(a) then 1 − e ∈ χ(1 − a) or 1 − e ∈ χ(1 + a). Converse holds if 2 ∈ J(R).
(iv) Let σ be an automorphism or anti-automorphism of R. Then e ∈ χ(a) iff σ(e) ∈ χ(σ(a)); so |χ(a)| = |χ(σ(a))|. In particular |χ(a)| = |χ(uau −1 )|, where u is a unit of R.
(v) If a ring R has at most n units or at most n idempotents, then Win(R) ≤ n.
In particular, if R is a local ring then Win(R) ≤ 2.
(vii) Let R be a clean ring with 2 ∈ U(R). Then Win(R) = |χ(2 −1 )|, in other words idem(R) = χ(2 −1 ).
P roof (i) Let a be a central nilpotent such that a n = 0 for some n ∈ N, then we have a = (a + 1) − 1 is a weak clean expression, hence 1 ∈ χ(a); |χ(a)| ≥ 1. If possible let e = 1 ∈ χ(a), then there exists a u ∈ U(R) such that a = u + e or u − e. If a = u − e, by using binomial expansion and the fact that a n = 0 we have 0 = (u − e) n = u n − n 1 eu n−1 + n 2 eu n−2 − · · · + (−1) n−1 eu + (−1) n e, implies u n ∈ eR contradicting the fact that e = 1. Next if a = u + e, similarly we get a contradiction. let e be a central idempotent then e = 1 − (1 − e) i.e., 1 − e ∈ χ(e) and therefore |χ(e)| ≥ 1.
(ii) Let w = a − b ∈ J(R). If e ∈ χ(a), we have a + e ∈ U(R) or a − e ∈ U(R). Case 1: u = a + e ∈ U (R) implies u = b + w + e ⇒ b + e = u − w ∈ U(R) and therefore e ∈ χ(b). Case 2: v = a − e ∈ U(R) implies b − e = v − w ∈ U(R) and therefore e ∈ χ(b). Thus χ(a) ⊆ χ(b) and by symmetry we get χ(b) ⊆ χ(a) resulting χ(a) = χ(b). (iii) Let e ∈ χ(a), then we have a + e ∈ U(R) or a − e ∈ U(R). Let a − e ∈ U(R) then we have (1 − a) − (1 − e) = e − a ∈ U(R), so 1 − e ∈ χ(1 − a). Similarly if a + e ∈ U(R) then we have (1 + a) − (1 − e) = a + e ∈ U(R), therefore 1−e ∈ χ(1+a). Conversely if (1−e) ∈ χ(1−a), we have (1−a)−(1−e) = u ∈ U(R) or (a − 1) + (1 − e) = v ∈ U(R), that is a − e = −u or a − e = v, so in this case e ∈ χ(a). If (1 − e) ∈ χ(1 + a), we have (1 + a) − (1 − e) = u ∈ U(R) or (a + 1) + (1 − e) = v ∈ U(R) this implies a + e = u or a − e = v − 2 ∈ U(R), as 2 ∈ J(R), hence we get e ∈ χ(a).
(iv)and (v) are straightforward. (vi) If R is a local ring then we have Win(R) ≤ 2, as idem(R) = {0, 1}. Let R/ J(R) ∼ = Z 2 , that is, R is uniquely clean. If possible let Win(R) = 2, that is there exists at least an element a ∈ R such that {0, 1} = χ(a). So, a ∈ U(R) and a − 1 ∈ U(R) or a + 1 ∈ U(R). If a ∈ U(R) and u = a − 1 ∈ U(R), then we have two clean expressions for a which is a contradiction. Similarly a ∈ U(R) and u = a + 1 ∈ U(R), give two clean expressions for u, which is a contradiction, hence Win(R) = 2. Conversely, let Win(R) = 1, then In(R) = 1 as In(R) ≤ Win(R), hence the result follows by Theorem 2.1 of [1] (vii) Let e ∈ idem(R) and let 2 ∈ U(R), now we have (
In a ring R, q ∈ R is called quasi-regular element, if there is a p ∈ R, such that q + p + qp = 0 = p + q + pq. The set of all all quasi-regular elements of ring R is denoted by Q(R).
Lemma 2.2. If S is a subring of a ring R, where R and S may not share same identity, then Win(S) ≤ Win(R).
Let e ∈ χ(a), we have ⇔ a − e = u or a + e = u, for some u ∈ U(R).
Theorem 2.3. Let k ≥ 1 be an integer, then the following are equivalent for a ring R
(iii) R is abelian and Win(R) = k.
Suppose that R is not abelian and e be a non-central idempotent of R, let er = re for some r ∈ R. So either er(1 − e) = 0 or (1 − e)re = 0, without loss of generality we may assume that er(1 − e) = 0. For i = 1, 2, 3, . . .
are infinitely many distinct weak clean expressions of a in R [x] . Now suppose R is abelian, it is easy to see that idempotents of R [[x] ] are all in R and for any
and consequently the result follows.
Rings with weak clean index 1, 2 and 3
In this section we try to characterize the rings of weak clean index 1, 2 and 3.
Theorem 3.1. Win(R) = 1 iff R is abelian and for any 0 = e 2 = e ∈ R, e = u + v for any u, v ∈ U(R).
P roof (⇒) Let e 2 = e ∈ R. For any r ∈ R, 1−e = [1+er(1−e)]−[e+er(1−e)] are two weak clean expression of 1 − e; so e = [e + er(1 − e)], that is re = ere, similarly we have er = ere, so R is abelian. Suppose that 0 = e 2 = e ∈ R, e = u+v for some u, v ∈ U(R), then v = v + 0 = −u + e are two weak clean expressions of v, implies |χ(v)| = 2, which is a contradiction. (⇐) Let a ∈ R has two weak clean expressions, a = u 1 +e 1 or u 1 −e 1 and a = u 2 +e 2 or u 2 − e 2 , for e 1 , e 2 ∈ idem(R), e 1 = e 2 and u 1 , u 2 ∈ U(R).
As [u 2 (1−e 2 )+e 2 ], [u 1 (1−e 2 )+e 2 ] are units in R, therefore f = 0, hence e 1 = e 1 e 2 . Similarly we have e 2 = e 1 e 2 , a contradiction, thus χ(a) ≤ 1.
Case II: If a = u 1 + e 1 = u 2 − e 2 , implies e 1 + e 2 = u 2 − u 1 . Define f := e 1 (1 − e 2 ), then f = f 2 ∈ R. We have
Since R is abelian, so [u 2 (1 − e 2 ) + e 2 ], [u 1 (1 − e 2 ) + e 2 ] are units. So, as in above case χ(a) ≤ 1. Thus combining above cases we conclude that Win(R) = 1. Then there exists (a, b) ∈ R such that (a, b) has at least k + 1 weak clean expressions in R. Let g be an integer such that 1 ≤ g ≤ k and let (a, b) = (u i , v i ) + (e i , f i ), i= 1, 2, 3, . . . , g (u j , v j ) − (e j , f j ), j= g+1, g+2, . . . , k, k+1. are k + 1 distinct weak clean expressions for (a, b), such that no two (e i , f i )'s are equal. Now, a = u i + e i = u j − e j , (i = 1, 2, 3, . . . , g and j = g + 1, g + 2, . . . , k + 1) are weak clean expressions of a in S. Since |χ(a)| ≤ 1, so all e ′ i s and e ′ j s are equal. So k + 1 = |χ((a, b))| = |{(e i , f i ), (e j , f j )|i = 1, 2, . . . , g and j = g + 1, g + 2, . . . , k + 1}| = |{e i , e j |i = 1, 2, . . . , g; j = g +1, . . . , k}|×|{f i , f j |i = 1, 2, . . . , g; j = g +1, . . . , k}| = |χ(a)| × |χ(b)| = |χ(b)| which is a contradiction and this completes the proof. Suppose R is not abelian and let e 2 = e ∈ R be a non central idempotent.
If neither of eR(1 − e) and (1 − e)Re is zero, then take 0 = x ∈ eR(1 − e) and 0 = y ∈ (1 − e)Re to get 1 − e = (1 + x) − (x + e) = (1 + y) − (y + e). Therefore |χ(1 − e)| ≥ 3, which is a contradiction. So without loss of generality we can assume that eR(1 − e) = 0 and (1 − e)Re = 0. The Peirce decomposition of R gives
(1 − e)R(1 − e) .
As above 2 = Win(R) ≥ |eR(1 − e)|; so |eR(1 − e)| = 2. Write eR(1 − e) = {0, x}. If Win(eRe) = 2, then there exists an a ∈ R such that |χ(a)| = 2. Thus we have following cases Case I: Let a = u 1 + e 1 = u 2 + e 2 , where u 1 , u 2 ∈ U(eRe) and e 1 , e 2 ∈ idem(eRe).
If
Case II: Let a = u 1 − e 1 = u 2 + e 2 , where u 1 , u 2 ∈ U(eRe) and e 1 , e 2 ∈ idem(eRe).
So if e 1 x = 0, we have for A = a 0 0 0 Case III: Let a = u 1 −e 1 = u 2 −e 2 , where u 1 , u 2 ∈ U(eRe) and e 1 , e 2 ∈ idem(eRe), we get a contradiction similar to case I. This shows that Win(eRe) = 1, similarly Win((1 − e)R(1 − e)) =1. {e, e − x, e − y, e + x + y + xy + yx}, so Win(R) ≥ 4, a contradiction. If yxy = 0, then (x + y + xy + yx) 4 = 0 and χ(2 − e) {1 − e, 1 − e + x, 1 − e + y, 1 − e + x + y + xy + yx}, therefore Win(R) ≥ 4, a contradiction. Hence xyx = 0 and yxy = 0. It follows that xyx = x and yxy = 0. Let f = xy and g = yx, then clearly f, g are idempotents. So we have Case I: Let a = u 1 + e 1 = u 2 − e 2 be two distinct weak clean expressions of a in A, where u 1 , u 2 ∈ U(A) and e 1 , e 2 ∈ idem(A). Then e 1 x = u 2 x − u 1 x − e 2 x = −e 2 x + x − x = −e 2 x = e 2 Similarly in Case II, letting a = u 1 + e 1 = u 2 + e 2 be two distinct weak clean and in Case III, letting a = u 1 − e 1 = u 2 − e 2 be two distinct weak clean expressions of a in A, where u 1 , u 2 ∈ U(A) and e 1 , e 2 ∈ idem(A) we get contradictions. Therefore we have Win(A) = 1. Similarly Win(B) = 1.
